The gravitational consequence of local Lorentz violation (LV) should show itself in derivation of the characteristic quasinormal ringing of black hole mergers from their general relativity case. In this paper, we study quasinormal modes (QNMs) of the scalar and electromagnetic field perturbations to Einstein aether black holes. We find that quasinormal ringing of the first kind aether black hole is similar to that of another Lorentz violation model-the QED-extension limit of standard model extension. These similarities between completely different backgrounds may imply that LV in gravity sector and LV in matter sector have some connections between themself: damping quasinormal ringing of black holes more rapidly and prolonging its oscillation period. By compared to Schwarzschild black hole, both the first and the second kind aether black holes have larger damping rate and smaller real oscillation frequency of QNMs. And the differences are from 0.7 percent to 35 percents, those could be detected by new generation of gravitational antennas.
I. INTRODUCTION
After the first discovery of gravitational wave (GW) on September 14, 2015 (GW150914) [1] , Laser Interferometer Gravitational wave Observatory (LIGO) has detected GW for the third time, on January 4, 2017 (GW170104) [2] . It provides a direct confirmation for the existence of a black hole and, confirms that black hole mergers are common in the universe, and will be observed in large numbers in the near future. The detections of GW give us opportunity and the ideal tool to stress test general relativity (GR) [3] . Some of them are used to test alternative theories of gravity where Lorentz invariance (LI) is broken which affects the dispersion relation for GW [2] . For the first time, they used GW170104 to put upper limits on the magnitude of Lorentz violation tolerated by their data and found that the bounds are important.
Why consider Lorentz violation (LV)? Because that Lorentz invariance may not be an exact symmetry at all energies [4] . Condensed matter physics, which has an analog of LI, suggests some scenarios of LV: a) LI is an approximate symmetry emerging at low energies and violated at ultrahigh energies [5] ; b) LI is fundamental but broken spontaneously [6] . Any effective description must break down at a certain cutoff scale, which signs the emergence of new physical degrees of freedom beyond that scale. Examples of this include the hydrodynamics, Fermi's theory of beta decay [7] and quantization of GR [8] at energies beyond the Planck energy. Lorentz invariance also leads to divergences in quantum field theory which can be cured with a short distance of cutoff that breaks it [9] .
Thus, the study of LV is a valuable tool to probe the foundations of GR without preconceived notions of the numerical sensitivity [10] . These studies include LV in the neutrino sector [11] , the standard-model extension [12] , LV in the non-gravity sector [13] , and LV effect on the formation of atmospheric showers [14] . A more recent area for searching for LV is in the pure gravity sector, such as gravitational Cerenkov radiation [15] and gravitational wave dispersion [16] . Einstein-aether theory can be considered as an effective description of Lorentz symmetry breaking in the gravity sector and has been extensively used in order to obtain quantitative constraints on Lorentz-violating gravity [17] . On another side, violations of Lorentz symmetry have been used to construct modified-gravity theories that account for dark-matter phenomenology without any actual dark mater [18] .
Einstein-aether theory [17] is originated from the scalar-tensor theory [19] . In Einstein-aether theory, the background tensor fields break the Lorentz symmetry only down to a rotation subgroup by the existence of a preferred time direction at every point of spacetime, i.e., existing a preferred frame of reference established by aether vector u a . The introduction of the aether vector allows for some novel effects, e.g., matter fields can travel faster than the speed of light [20] , dubbed superluminal particle. It is the universal horizons that can trap excitations traveling at arbitrarily high velocities. In 2012, two exact black hole solutions and some mechanics of universal horizons in Einstein aether theory were found by Berglund et al [21] . In 2015, two exact charged black hole solutions and their Smarr formula on both universal and Killing horizons were found by Ding et al [22] . In 2016, two exact black hole solutions and their Smarr formula on universal horizons in 3-dimensional spacetime were found by Ding et al [23] . Other studies on universal horizons can be found in [24, 25] . In Ref. [25] , Ding et al studied Hawking radiation from the charged Einstein aether black hole and found that i) the universal horizon seems to be no role on the process of radiating luminal or subluminal particles; while ii) the Killing horizon seems to be no role on superluminal particle radiation. Since up to date, the particles with speed higher than vacuum light speed aren't yet found, we here consider only subluminal or luminal particles perturbation to these LV black holes. In 2007, Konoplya et al [26] studied the perturbations of the non-reduced Einstein aether black holes and found that both the real part and the absolute imaginary part of QNMs increase with the aether coefficient c 1 .
Our goal here is to study on a perturbed black hole in Einstein aether theory. Perturbations of black holes in GR or alternative theories of gravity carry signatures of the effective potential around them and one could look for them. Once a black hole is perturbed, it responds to perturbations by emitting GWs [27] which are dominated by quasinormal ringing. The GW signal can in general be divided into three stages: (i) a prompt response at early times, which depends strongly on the initial conditions; (ii) an exponentially decaying "ringdown" phase at intermediate times, where quasinormal modes (QNMs) dominate the signal, which depends entirely on the final black hole's parameters and (iii) a late-time tail [28] . QNMs can be used in the analysis of a gravitational wave signal to provide a wealth of information: the masses and radii of the perturbed objects [29] . Recent QNMs study show that at the current precision of GW detections, there remains some possibility for alternative theories of gravity [30] .
So by studying these LV black holes' QNMs, we can obtain some signal of LV from future GW events. By using QED-extension limit of standard model extension ( SME, see Appendix for more detail), Chen et al [31] has studied the influence of LV on Dirac field perturbation to Schwarzschild black hole, and one will find that its properties have some similarities to our result. The plan of rest of our paper is organized as follows. In Sec. II we review briefly the Einstein aether black holes and the third order WKB method (A recent study on semianalytic technique appears in [32] ). In Sec. III we adopt to the third order WKB method and obtain the perturbation frequencies of the first kind Einstein aether black holes. In Sec. IV, we discuss the QNMs for the second kind Einstein aether black hole. In Sec. V we present a summary. Appendix is for introducing SME and the accuracy of WKB method.
II. EINSTEIN AETHER BLACK HOLES AND WKB METHOD
The general action for the Einstein-aether theory can be constructed by assuming that: (1) it is general covariant; and (2) it is a functional of only the spacetime metric g ab and a unit timelike vector u a , and involves no more than two derivatives of them, so that the resulting field equations are second-order differential equations of g ab and u a . Then, the Einstein aether theory to be studied in this paper is described by the action,
where G ae is the aether gravitational constant, L ae is the aether Lagrangian
where c i (i = 1, 2, 3, 4) are coupling constants of the theory. The aether Lagrangian is therefore the sum of all possible terms for the aether field u a up to mass dimension two, and the constraint term λ(u 2 + 1)
with the Lagrange multiplier λ implementing the normalization condition u 2 = −1. There are a number of theoretical and observational bounds on the coupling constants c i [17, 33, 34] . Here, we impose the following constraints[47],
where c 14 ≡ c 1 + c 4 , and so on. The static, spherically symmetric metric for Einstein aether black hole spacetime can be written in the form
There are two kinds of exact solutions [21, 22] . In the first case c 14 = 0, c 123 = 0 (termed the first kind aether black hole), the metric function is
If the coefficient c 13 = 0, then it reduces to Schwarzschild black hole. The quantity M is the mass of the black hole spacetime [48] . Its location of the Killing horizon is the largest root of f (r) = 0, which is given by [22] 
In the second case c 14 = 0, c 123 = 0 (termed the second kind aether black hole), the metric function is 8) [47] Note the slight difference between the constraints imposed here and the ones imposed in [21] , as in this paper we also require that vacuum Cerenkov radiation of gravitons is forbidden [35] .
[48] The total mass of the given spacetime is M Gae = (1 − c 14 /2)r 0 /2. And the constant Gae is related to Newton's gravitational constant G N by Gae = (1 − c 14 /2)G N , which can be obtained by using the weak field/slow-motion limit of the Einstein-aether theory [22, 36, 37] . Therefore we can always set r 0 = 2M G N regardless of the coefficient c 14 .
Its Killing horizon locates at
If the coefficient c 13 = c 14 /2, it also reduces to Schwarzschild black hole.
There is an universal horizon in these black hole spacetimes behind their Killing horizons even for aether coefficient c 13 = 0 or c 13 = c 14 /2 (see [21, 22] for more detail). The universal horizon can trap particles with arbitrary high velocity, i.e., super-luminal particles. The killing horizons are invisible to these superluminal particles. In another side, the universal horizon seems has no role on radiating luminal or sub-luminal particles during Hawking radiation [25] . For this reason, to luminal or sub-luminal particles perturbation, we here wouldn't consider the role of the universal horizon at present.
To scalar and electromagnetic fields perturbation, we shall neglect interaction of these fields with aether for simplicity and use general covariant wave equations. Then, the wave equations for test scalar Φ and electromagnetic A µ fields are
with
They can be reduced to Schrodinger like equations:
for scalar field Ψ s and electromagnetic one Ψ e . The effective potentials take the form as: 12) where β = 1 for the scalar field potential V s , β = 0 for the electromagnetic one V e , respectively. The effective potentials V i depend on the value r, angular quantum number (multipole momentum) l and the aether coefficient c 13 . From the potential formula (2.12), the effective potential for the first kind aether black hole is
where the the first two terms are Schwarzschild potential, the rests are the aether modified terms, shown in Fig first kind aether black hole. Obviously, if c 13 = 0, the effective potentials V i can be reduced to those of the Schwarzschild black hole. For l = 0, the peak value of the scalar potential barrier gets higher with c 13
increasing. On the contrary, for l > 0 the peak value gets lower with c 13 . This contrariness is similar to the case of the deformed Hořava-Lifshitz black hole [38] where the peak gets lower for l = 0 and higher for l > 0 with the parameter α increase. In Einstein-Maxwell theory, i.e., Reissner-Norström black hole, the electric charge Q increases the peak for all l. In the Einstein-Born-Infeld theory, the Born-Infeld scale parameter b decreases the peak for all l. These properties of the potential will imply that the quasinormal modes posses some different behavior from those black holes. From the potential formula (2.12), the effective potential for the second kind aether black hole is
where the the first two terms are Schwarzschild potential, the rests are the aether modified terms, shown in second kind aether black hole. It is easy to see that for all l, the peak value of the potential barrier gets lower with c 13 increasing just like the Born-Infeld scale parameter b in the Einstein-Born-Infeld theory. The Schrödinger-like wave equation (2.11) with the effective potential (2.12) containing the lapse function f (r) related to the Einstein aether black holes is not solvable analytically. Since then we now use the thirdorder WKB approximation method to evaluate the quasinormal modes of massless scalar and electromagnetic field perturbation to the first and second kind aether black holes. This semianalytic method has been proved to be accurate up to around one percent for the real and the imaginary parts of the quasinormal frequencies for low-lying modes with n < l. Due to its considerable accuracy for lower lying modes, this method has been used extensively in evaluating quasinormal frequencies of various black holes. In this approximation, the formula for the complex quasinormal frequencies in this approximation is given by [40, 41, 45] 
where
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and n is overtone number and r p is the turning point value of polar coordinate r at which the effective potential reaches its maximum (2.12). Substituting the effective potential V i (2.12) into the formula above, we can obtain the quasinormal frequencies for the scalar and electromagnetic field perturbations to Einstein aether black holes. In the next sections, we obtain the quasinormal modes for the both kinds of Einstein aether black holes and analyze their properties.
III. QUASINORMAL MODES FOR THE FIRST KIND AETHER BLACK HOLE
In this section, we study the scalar and electromagnetic field perturbations to the first kind Einstein aether black hole. The scalar field perturbations are shown in Tab. I and Fig. 3 to 5 . The electromagnetic field perturbations are shown in Tab. II and Fig. 6 .
In Tab. I, we list the lowest overtone quasinormal modes of massless scalar field for some l with different aether coefficient c 13 . Tab. I shows that, for fixed c 13 , the real part of frequencies increase and, the absolute imaginary part of them decrease with the angular quantum number l. For large l, the imaginary parts approach a fixed value. These properties are similar to the usual black holes and, are also shown in Fig. 4 .
Tab I also shows the derivations from Schwarzschild black hole. For l = 1, the decrease in Reω is about from 0.7 percent to 17 percents, while the increase in −Imω is about from 1 percent to 11 percents, and could be detected by new generation of gravitational antennas. It will help us to seek LV information in nature in low energy scale.
In another side, for the fixed angular number l, or overtone number n with different c 13 (small c 13 ), Tab. I, Fig. 3 and Fig. 5 show that the real part of frequencies decrease, and the absolute imaginary ones increase with c 13 firstly to c 13 = 0.87 and then decrease on the contrary, which is different from that of the non-reduced aether black hole [26] , where both all increase with c 1 .
For different overtone numbers n, Fig. 3 and Fig. 5 show that the real parts decrease and the absolute imaginary ones increase with n, which is the same as that of Schwarzschild black hole. For angular number l = 0 and l > 0, Fig. 4 shows an unusual behavior. When l > 0, the absolute imaginary part of frequencies increases for small c 13 , and then decrease in the region of large c 13 . However when l = 0, it increases for all c 13 . This behavior is similar to the case of deformed Hořava-Lifshitz black hole where the real part one increases for l > 0 and only decreases for l = 0 with the coefficient α [38] . It is related to its unusual potential behavior Fig. 1 .
By compared to Reissner-Norström black hole, Fig. 3 and 4 show us a similar behavior that the absolute imaginary part of frequencies increases for small parameter c 13 or Q, and then decrease in the region of large parameter [26] . The only difference is that the real part decreases here for all c 13 and increases there for all Q.
For fixed l, Tab. II and Fig. 6 shows us that the behavior of electromagnetic perturbation frequencies is similar to that of the scalar case. The real part of frequencies decreases for all c 13 and, the absolute imaginary one increases for small c 13 , and then decrease in the region of large c 13 . For fixed c 13 , Tab. II shows that both the real and the absolute imaginary parts increase with l. And the real and absolute imaginary parts of electromagnetic field are smaller than those corresponding value of scalar field.
By compared to another LV model -the QED-extension limit of standard model extension (SME, see Appendix for more detail), the above scalar and electromagnetic field QNMs properties with c 13 are similar to Dirac field QNMs with LV coefficient b [31] , i.e., the real part decreases while the absolute imaginary part increases with the given LV coefficient. In the theory of QED-extension limit of SME, local LV coefficient b µ is introduced in a matter sector, while in Einstein aether theory, local LV is in a gravity sector. For the former, LV matter perturbs to LI black hole -Schwarzschild black hole and produces QNMs. For the latter, LI matter perturbs to LV black hole -Einstein aether black hole and then produces QNMs. These similarities between different backgrounds may imply some common property of LV coefficient on QNMs, i.e., in presence of LV, the perturbation field oscillation damps more rapidly, and its period becomes longer. 
IV. QUASINORMAL MODES FOR THE SECOND KIND AETHER BLACK HOLE
In this section, we study the scalar and electromagnetic field perturbations to the second kind of Einstein aether black hole with fixed c 14 = 0.2. The scalar field perturbations are shown in Tab. III, Fig. 7 and Fig.  8 . The electromagnetic field perturbations are shown in IV and Fig. 9 .
In Tab. III, we list the lowest overtone quasinormal modes of massless scalar field for some l with different aether coefficient c 13 . Tab. III shows that, for fixed c 13 , the real part of frequencies increase and, the absolute imaginary part of them decrease with the angular quantum number l. For large l, the imaginary part approach a fixed value which is similar to the usual black holes and, also shown in Fig. 8 .
Tab III also shows the derivations from Schwarzschild black hole. For l = 1, the decrease in Reω is about from 3 percents to 35 percents, while the decrease in −Imω is about from 1 percent to 21 percents, both are bigger than the first kind aether black hole, and could be detected by new generation of gravitational antennas.
In another side, for the fixed angular number l, or overtone number n, Tab. III, Fig. 7 and Fig. 9 show that both the real and the absolute imaginary parts of frequencies all decrease with c 13 increasing, which is completely different from that of the non-reduced aether black hole [26] , where both all increase with c 1 . This property of both decrease is similar to that of Einstein-Born-Infeld black hole [38, 42] . For different overtone numbers n, Fig. 7 and Fig. 9 show that the real parts decrease and the absolute imaginary ones increase with n, which is the same as that of Schwarzschild black hole. For fixed l, Tab. IV and Fig. 9 shows us that the behavior of electromagnetic perturbation frequencies is similar to that of the scalar case, i.e., both the real part and the absolute imaginary one of frequencies decreases for all c 13 . The only difference is that the real and absolute imaginary parts of electromagnetic field are smaller than those corresponding value of scalar field. For fixed c 13 , both the real and the imaginary parts increase for all l.
V. SUMMARY
The gravitational consequence of local Lorentz violation should show itself in radiative processes around black holes. The significant difference between Einstein and Einstein aether theories can show itself in derivation of the characteristic QNMs of black hole mergers from their Schwarzschild case. In this paper, we study on QNMs of the scalar and electromagnetic field perturbations to Einstein aether black holes. There exist a series of single parameter c 13 black holes solutions: the first and the second kind aether black hole, instead of four coefficients there in Einstein aether theory.
For the effective potential, when c 13 increases, its turning point always becomes larger, and the value of its peak becomes lower except a special case that for the first aether black hole with angular quantum number l = 0, where its peak becomes higher.
For the three kinds, the first, the second and the non-reduced aether black holes, their QNMs are different from each other that show their complexity. For the non-reduced aether hole [26] , both real part and the absolute value of imaginary part of QNMs (both scalar and electromagnetic fields) increase with c 1 . On the contrary for the second kind aether black hole, both decrease with c 13 , that are similar to the scalar field QNMs of Einstein-Born-Infeld black holes with the Born-Infeld parameter b [38] .
For the first kind aether black hole, the real part of scalar and electromagnetic QNMs becomes smaller with all c 13 increase. The absolute value of imaginary part of QNMs becomes bigger with small c 13 increase, and then decreases with big c 13 . These properties with c 13 are similar to the behaviors of Dirac QNMs with LV coefficient b [31] . These similarities between different backgrounds may imply some connections between Einstein aether theory and the QED-extension limit of SME, i.e., LV in gravity sector and LV in matter sector will make quasinormal ringing of black holes damping more rapidly and its period becoming longer.
Compared to Schwarzschild black hole, both the first and the second kind aether black holes have larger damping rate and smaller real oscillation frequency of QNMs. And the differences are from 0. Invariance under Lorentz transformation is one of the pillars of both Einstein's General Relativity (GR) and the Standard Model (SM) of particle physics. GR describes gravitation at the classical level, while SM encompasses all other phenomena involving the basic particles and forces down to the quantum level [12] . They are expected to merge at the Plank scale into a single unified and quantum-consistent description of nature. The underlying unified quantum gravity theory indicates the Lorentz symmetry is only an approximate symmetry emerging at low energies and will be violated at ultrahigh energies. Any observable signals of LV can be described using effectively field theory. An effective field theory construction known as the gravitational standard model extension (SME) provides such a comprehensive framework that contains known physics along with all possible LV effects. So that SME isn't a specific model, but a construction ideally suited for a broad search and having the power to predict the outcome of relevant experiments [43] .
The background of SME is Riemann-Cartan geometry which allows for nonzero vacuum quantities that violate local Lorentz invariance but preserve general coordinate invariance. The usual Riemann spacetime of GR can be recovered in the zero torsion limit. SME can be constructed from the action of GR and SM by adding all local LV and coordinated-independent terms, perhaps together with suppressed higher-order terms, and they incorporate general CPT (Charge, Parity and Time symmetry) violation [44] . Each SME term comes with a coefficient for LV governing the size of the associated experimental signals. The action S SME for the full SME can be expressed as a sum of partial actions. These actions can be split into a matter sector and a gravity sector,
In curved spacetime, the matter sector naturally couples to gravitation. The matter sector is given by
The term S SM is the SM action, modified by the addition of gravitational couplings and containing all Lorentzand CPT-violating terms that involve SM fields and dominate at low energies. SM fields include the three charged leptons, the three neutrinos, the six quark flavors, Higgs, gauge and Yukawa couplings. The terms S ψ and S A are the QED-extension (Quantum Electrodynamics) limit of SME, Dirac fermion ψ and the photon A µ , respectively. The term S gravity represents the pure-gravity sector incorporating possible Lorentz and CPT violation. It is easy to see that Einstein aether theory is a specifical model of S gravity . The ellipsis represents contributions to S SME that are of higher order at low energies. The fermion sector S ψ in (A2) can be explicitly expressed as [12, 31] From the action (A3), we can obtain that due to presence of Lorentz violating coefficients, Dirac equation must be modified. According to the variation of ψ in the action (A3), we find that the massless Dirac equation only containing the CPT and Lorentz covariance breaking kinetic term associated with an axial-vector b µ field in the curve spacetime can be expressed as
It is reasonable for us to assume that the axial-vector b µ field does not change the background metric since the Lorentz violation is very small. For convenience, we take b µ as a non-zero timelike vector ( 
And then by using WKB method, Chen et al [31] obtained the influence of LV on Dirac QNMs in Schwarzschild spacetime. They found that at fundamental overtone, the real part decreases linearly as the parameter b increases, while for the larger multiple moment k, the absolute imaginary part increases with b, which means that presence of Lorentz violation makes Dirac field damps more rapidly. These behaviors with LV coefficient are similar to those of the first kind Einstein aether black hole.
Appendix B: Accuracy of Wkb method
The Schrödinger-like wave equation (2.11) with the effective potential (2.12) is not solvable analytically. A numerical integration of it requires selecting a value for the complex frequency, then integrating and checking whether the boundary conditions for QNMs are satisfied. Since those conditions are not met in general, the complex frequency plane must be surveyed for discrete values. So this technique is time consuming and costly. However for a semianalytic method, there is an accuracy problem which will be discussed in this section.
As is well known, the accuracy of the WKB approximation should increase with multipole momentum l, then only the low lying modes of the lowest overtone are considered here. Firstly the lowest three modes of the scalar and electromagnetic field perturbations of Schwarzschild black hole are shown in Tab. V via three methods: the Schutz-Will approximation (the first order WKB) [45] , the third order WKB [40, 41] and the numerical technique [46] . The formula for the complex quasinormal frequencies in the Schutz-Will approximation is given by
with where n is overtone number and r p is the turning point value of polar coordinate r at which the effective potential reaches its maximum (2.12).
From Tab. V, one can see that the results via the 3rd WKB method have higher accuracy than the 1st one. Then to the correctness of the present data in the maintext, the simplest way is to compare them to those obtained by the 1st WKB method. So the three lowest modes for both types of the aether black hole and for the scalar and electromagnetic perturbations via this method are listed in Tab. VI and VII.
To the first kind aether black hole, by comparing Tab. VI to Tabs. I and II, one can see that the behavior of these data is the same as those, i.e., for fixed c 13 , the real part of frequencies increase and, the absolute imaginary parts decrease for the scalar field, increase for the electromagnetic one with the angular quantum number l; for the fixed angular number l (except l = 0 case), the real part of frequencies decrease, and the absolute imaginary ones increase with c 13 . To the case of fixed l = 0, the behavior of the real part of scalar perturbation modes is different from Tab. I, which may be due to its unusual potential.
To the second kind aether black hole, by comparing Tab. VII to Tabs. III and IV, one can see that the behavior of these data is the same as those, i.e., for fixed c 13 , the real part of frequencies increase and, the absolute imaginary part of them decrease for the scalar field, increase for the electromagnetic field with l; for the fixed angular number l, both the real part and the absolute imaginary of frequencies decrease with c 13 . Therefore, both methods give approximately the same modes ω.
